We consider the Banach-Mackey property for pairs of vector spaces E and E which are in duality. Let 
Introduction
In [L] H. Lebesgue introduced the gliding hump technique of proof to establish uniform boundedness principles for several concrete function spaces such as L 2 . The technique was then employed in a similar fashion by Schur ([Sch] ) and Hellinger/Toeplitz ( [HT] ). The early proofs of abstract uniform boundedness theorems in functional analysis by Banach ([B] ), Hahn ([Ha] ) and Hilldebrandt ([Hi] ) also employed gliding hump methods. Abstract gliding hump assumptions are employed to treat a number of topics in sequence spaces (see [BF] ); these gliding hump assumptions in sequence spaces typically involve properties of sectional projections. In order to treat similar problems in general function spaces Drewnowski, Florencio, and Paúl considered locally convex spaces which were equipped with a Boolean algebra of projections satisfying a gliding hump property and as an application used their gliding hump result to show that the space of Pettis integrable functions, while not being complete, is barrelled ( [DFP1] , [DFP2] ). Similar gliding hump assumptions for spaces with a Boolean algebra of projections were considered in [DFFP1] , [DFFP2] , [Sw3] § 4.8, to treat other properties of function spaces. In this paper we consider another gliding hump property which seems to be quite useful in establishing the Banach-Mackey property for a locally convex space with a Boolean algebra of projections. We then give applications of our abstract result to several spaces of vector-valued functions.
Main Results
We begin by introducing notation and preliminary assumptions.
Let A be an algebra of subsets of a set S and let E, E be a pair of vector spaces in duality with respect to the bilinear mapping <, >. Let σ (E, E ) [β (E, E )] be the weak [strong] topology on E from this duality ( [Wi] ), [Sw1] ). Let L(E) be the space of all continuous linear operators from E to E and let P : A → L (E) be finitely additive with P (φ) = 0 and P (S) = I, the identity operator on E,and P (A ∩ B) = P (A)P (B) 
for A, B ∈ A [so each P (A) is a continuous projection]. If
A ∈ A, we write P (A) = P A and P A B = {P A x : x ∈ B} for B ⊂ E, and if x ∈ E, y ∈ E , we write y, P x for the finitely additive set function A → y, P A x , A ∈ A. In the applications E is always a space of measurable functions and the P A are projections which are multiplication by the characteristic function of a set A ∈ A.
We consider the following properties for the function P . First, we consider a decomposition property. We say that P satisfies property (D) if:
where v ( y, P x ) is the variation of y, P 
We next consider a uniform boundedness property for P. We say that P satisfies property (B) if: Finally, we consider gliding hump properties for P . Let 1 ≤ p < ∞ and 1/p + 1/q = 1.
(weak p -GHP): If {A j } ⊂ A is pairwise disjoint and {x j } ⊂ E is σ (E, E ) bounded, then there exists an increasing sequence
The difference in the weak and strong p -GHP is the necessity to pass to a subsequence in the weak property. The application in section 5, where L p −spaces with respect to a finitely additive measure are considered, gives an example where the weak p -GHP property is utilized.
If E is a Hausdorff locally convex space with dual E and if the series in the definitions above converge in the weak topology σ (E, E ), then the series actually converge in the original topology of E by the Orlicz-Pettis Theorem since the series are weakly subseries convergent ([Sw1] 18.11). In applications to concrete function spaces, it is often easy to check the convergence of the series in the original topology of the function space. Remark 2.4. The gliding hump property introduced above is a combination of similar properties utilized in [DFFP1] , [DFFP2] and [Sw3] § 4.8 and seems to be quite useful in treating the Banach-Mackey property for vector-valued 
where T is the adjoint of T . Hence, T is σ ( Sw1] 26.6, [Wi] 11.1.1), and, therefore, β ( Proof: Theorem 6 and Remark 2. Condition (D) effectively restricts the application of Theorem 6 and Corollary 7 to function spaces based on non-atomic measures [see Remark 1]. We next establish a result which is applicable to general finite measures which may have atoms but which requires additional assumptions on P .
Theorem 2.8. Assume that E is a Hausdorff locally convex space with dual E , A is a σ-algebra, and there exists a finite measure µ :
Proof: Let {A j : j ∈ I} be a pairwise disjoint family from A with union S such that each A j has finite µ-measure and contains at most one µ-atom. If A j contains no µ-atom, then P A j E is a Banach-Mackey space by Theorem 6 and Remark 1; on the other hand, if A j contains a µ-atom, then P A j E is the direct sum of two Banach-Mackey spaces by the observation above and the hypothesis. Thus, in any case, P A j E is a Banach-Mackey space for every j ∈ I. If I is finite, then E is a finite direct sum of the Banach-Mackey spaces P A j E : j ∈ I and is, therefore, Banach-Mackey.
Assume that I is countably infinite with
A i . For convenience of notation, assume k j = j. Now apply weak p -GHP to the sequences {C j } and {x j } and again assume n k = k. From weak p -GHP we may define a linear operator T :
where the series is σ (E, E ) convergent in E. As in the proof of Theorem 6, T is strongly continuous so {T e
Remark 2.9. If P in Theorem 8 satisfies the condition that lim µ(A)→0
P A x = 0, then the hypothesis in Theorem 8 holds.
The Pettis Integral
We consider the space of Pettis integrable functions with values in a Hausdorff, sequentially complete locally convex space E. Let µ be a finite measure defined on a σ-algebra of subsets of S.
(µ) for every x ∈ E and for every A ∈ there exists x A ∈ E such that x , x A = A x f dµ; the element x A is called the Pettis integral of f over A and is denoted by A f dµ. The set function f dµ :
→ E defined by ( f dµ) (A) = A f dµ is countably additive by the OrliczPettis Theorem ( [DS] IV.10.1) and, therefore, has bounded range ( [DS] IV.10.2). Let E be the family of all continuous semi-norms on E. We use E to define a natural topology on the space of all µ-Pettis integrable functions, P (µ, E) ; if p ∈ E and f ∈ P (µ, E), set p 1 (f ) = sup {p ( A f dµ) : A ∈ } [note p 1 is finite by the observation above]. We equip P (µ , E) with the locally convex topology generated by the semi-norms {p 1 : p ∈ E}. When E is a Banach space, this topology agrees with the usual topology on the space of Pettis integrable functions.
It is known that if E is a Banach space, then P (µ, E) although not usually complete, is barrelled ( [DFP1] , [DFP2] ); we use Theorem 2.8 to show that P (µ, E) is a Banach-Mackey space.
For each A ∈ let P A be the projection on P (µ, E) defined by Proof: Let {f k } be bounded in P (µ, E), let {A j } ⊂ be pairwise disjoint and let t ∈
convergent in E since {f j } is bounded, and since E is sequentially complete, the series converges to some x A ∈ A. Moreover, if x ∈ E , then
by the Dominated Convergence Theorem so f is µ-Pettis integrable with A f dµ = x A . Finally, the series
It now follows from Theorem 2.8 that P (µ, E) is a Banach-Mackey space [E is a Banach-Mackey space since E is sequentially complete ( [Wi] 10.4.8)]. Of course, if E is metrizable, then P (µ, E) is metrizable so P (µ, E) is barrelled in this case. Necessary and sufficient conditions for P (µ, E) to be barrelled do not seem to be known.
McShane Integral
We give an example where Theorem 2.6 and Corollary 2.7 are applicable when the set A is only an algebra (not a σ-algebra). Let X be a Banach space and S = [0, 1). A partition of S is a finite collection of pairwise disjoint intervals {[a i , b i ) : 1 ≤ i ≤ n} whose union is S, and a tagged partition is a finite collection of pairs
If f : S → X and P is a tagged partition of S, the Riemann sum of f with respect to P is defined to
gauge on S is a function δ : S → (0, ∞), and if P is a tagged partition of S, P is said to be
δ-fine if [a i , b i ] ⊂ (t i − δ (t i ) , t i + δ (t i )) for 1 ≤ i ≤ n.
Definition 4.1. A function f : S → X is said to be McShane integrable over S if there exists x ∈ X such that for every ε > 0 there exists a gauge δ on S such that S (f, P) − x < ε whenever P is a δ-fine tagged partition of S. The element x is called the McShane integral of f over S and will be denoted by S f .

The McShane integral is linear, and if f is McShane integrable over S, then f is McShane integrable over every subinterval [a, b) of S. If
A is the algebra generated by the half-closed subintervals [a, b) of S, the integral is a finitely additive set function on A (for this and further properties of the vector-valued McShane integral see [FM] , [G] ).
Let M (S, X ) be the space of X-valued functions which are McShane integrable over S. We define a norm on M (S, X ) by f = sup { A f : A ∈ A}. The space M (S, X ) is contained in the space of Pettis integrable functions (with respect to Lebesgue measure on S) and, in certain cases, such as when X is separable, coincides with the space of Pettis integrable functions ( [FM] 2C, 2D). Hence, in general, M (S, X ) is not complete; however, we use Corollary 2.7 to show M (S, X ) is barrelled.
As before, we define
S, X ). First, property (D) holds for P since lim m(A)→0
A f = 0, where m is Lebesgue measure on S (Remark 1 and Theorem 10 of [Sw4] ).
We next show strong 1 -GHP holds.
Theorem 4.2. P satisfies strong 1 -GHP.
follows from Theorem 8 of [Sw4] that f ∈ M (S, X ) and the series converges in M (S, X ). From Corollary 2.7, we have [DFFP1] .
Remark 4.4. The barrelledness of M (S, X ) is also established in [DFFP1] and [Sw4] using other abstract gliding hump theorems. It is the case that any function which is McShane integrable over S is also McShane integrable over every Lebesgue measurable subset of S, but this is much less elementary than the fact that such a function is integrable over subintervals (see [FM] 2E); this fact is used in the proofs of
Functions Integrable with respect to a Finitely Additive Measure
In this section we give an example where weak p -GHP is satisfied. Let be a σ-algebra of subsets of a set S and µ : → [0, ∞) be finitely additive (a positive change in the terminology of [RR] 
4). As usual, if A ∈ , we define
We show that P satisfies weak p -GHP.
Theorem 5.1. P satisfies weak p -GHP. Sw2] 2.3.3), there is a subsequence A n j such that µ is countably additive on the σ-algebra generated by A n j . For notational convenience assume n j = j.
(µ) and the series converges to f with respect to p . For this we employ Theorem 4.6.10 of [RR] .
First, we claim that 
Theorem 4.6.10 of [RR] is now applicable and gives the result.
A similar result where is only assumed to be an algebra and µ is assumed to be strongly non-atomic ( [RR] 5.1.5) is given in [Sw5] , but it remains an open question as to whether
The abstract gliding hump result given by [DFFP1] seems to require that the set functions y, P x are countably additive and, therefore, in contrast to Theorem 2.6 and Corollary 2.7 is not applicable to those general L p -spaces.
Dieudonne-Köthe Spaces
We give an application of Theorem 2.8 to a wide class of vectorvalued function spaces constructed by Florencio, Mayoral and Paúl. We briefly describe their construction and refer the reader to [FMP] for details. Let S be a Hausdorff, locally compact, σ-compact space and let µ be a complete Radon measure on S. Let L 
Let X be a Hausdorff locally convex space whose topology is generated by the family of semi-norms Q. The space Λ {X} is the space of all (Lusin) measurable functions f : S → X such that the scalar function q (f (·)) : S → R, q (f (·)) (t) = q (f (t)), belongs to Λ for every q ∈ Q. We supply Λ {X} with the locally convex topology generated by the semi-norms.
Florencio, Mayoral and Paúl studied which properties of Λ {X} are inherited from the properties of Λ and X. We use Theorem 2.8 to give sufficient conditions for Λ {X} to be a Banach-Mackey space.
As before we set P A f = χ A f for A a Borel set and f ∈ Λ {X}. Concerning the gliding hump property we have First, we observe that f is measurable since
A j so the intersection of this set with a compact subset of S gives almost uniform convergence on compact subsets.
Next, we show that f ∈ Λ (X). Since {g (f j (·))} is bounded in Λ and Λ has strong 1 -GHP, the series
Since τ M is solid, the series also converges to ϕ in µ-measure ( [Sz] 2.3.1; this result is stated for metrizable spaces but the proof shows that a null sequence in a solid space converges to 0 in measure). But, the series
Finally, the series
From Example 2.5 and Theorem 1, we have
From the proof of Theorem 1 we also obtain a weak result. χ A f = 0 for f ∈ Λ {X} by the order continuous assumption, Theorem 2.8 applies and gives the result.
Theorem 7 of [FMP] gives sufficient conditions for the space Λ {X} to be quasi-barrelled so in conjunction with Theorems 5 and 6 give sufficient conditions for Λ {X} to be barrelled; the hypothesis in Theorem 7 of [FMP] is quite different than those of Theorems 5 and 6. Theorem 8 of [FMP] also give sufficient conditions for Λ {X} to be barrelled. Of course, if Λ and X are both metrizable, then Λ {X} is metrizable and Theorems 5 and 6 give sufficient conditions for Λ {X} to be barrelled.
Dobrakov Integral
As a further application of Theorem 2.8 we consider the space of Dobrakov integrable functions, a space of vector-valued functions integrable with respect to an operator-valued measure. Let X, Y be Banach spaces and L (X, Y ) the space of all continuous linear operators from X into Y . Let be a σ-algebra of subsets of S and let m : → L (X, Y ) be countably additive with respect to the strong operator topology ([DS] VI.1.2), i.e., for every x ∈ X the set function mx : → Y , mx (A) = m (A) x is countably additive. A strongly measurable function f : S → X is m-integrable if and only if there exist -simple functions ϕ j : S → X such that {ϕ j } converges to f pointwise and lim A ϕ k dm = γ (A) exists for every A ∈ ; γ (A) is the integral of f with respect to m and is denoted by A f dm (see [Do] for details concerning the integral). Let L 1 (m) be the space of all functions which are integrable with respect to m; we define a norm on L (m), and, moreover, if A is a µ-atom, then χ A f is isomorphic to X so Theorem 2.8 is applicable and gives the result. 
